The analytical solution of the Mean Spherical Approximation for a quite general class of interactions is always a function of a reduced set of scaling matrices Γ χ . We extend this result to systems with multipolar interactions: We show that for the ion-dipole mixture the thermodynamic excess functions are a functional of this matrix. The result for the entropy is S = −{kV /3π}(F [Γ α ]) α∈χ where F is an algebraic functional of the scaling matrices of irreducible representations χ of the closure of the OrnsteinZernike. The result is also true for arbitrary electrostatic multipolar interactions.
Introduction
It is my pleasure to contribute to this issue dedicated to J.-P.Badiali a true scientist and a gentleman.
The remarkable simplicity of the mean spherical approximation (MSA) [1] [2] [3] [4] and its extensions using Yukawa closures [5] [6] [7] can be summarized by the fact that the entropy for a wide class of systems has a very simple functional form. The MSA [8] is the solution of the linearized Poisson-Boltzmann equation, just as the DebyeHückel (DH) theory. It shares with the DH theory the remarkable simplicity of a one parameter description (the screening length κ) of all the thermodynamic and structural properties of rather diverse systems. The MSA shares this feature with the DH theory [9] . The major difference is that in the MSA the excluded volume of all the ions is treated exactly.
The MSA is attractive for chemists examining the thermodynamic properties of real electrolyte solutions not only because the model gives simple analytical formulas, but also satisfies exact asymptotic relations, such as the large charge, large density limits of Onsager [10] [11] [12] [13] and more recently, the large charge small density limits c L.Blum implied in the Wertheim-Ornstein-Zernike equation. Very recently [5, 6] we have been able to extend the MSA closure analytical solutions to any arbitrary closure that can be expanded in damped exponentials (Yukawa functions), and to obtain explicit, analytical forms of the excess thermodynamic functions in terms of a matrix of scaling parameters (the EMSSAP, or Equivalent Mean Spherical Scaling Approach [7] ).
For systems with Coulomb and screened Coulomb interactions in a variety of mean spherical approximations (MSA) it is known that the solution of the Ornstein Zernike (OZ) equation is given in terms of a single screening parameter Γ. This includes the 'primitive' model of electrolytes,in which the solvent is a continuum dielectric, but also models in which the solvent is a dipolar hard sphere, and much more recently the YUKAGUA model of water that has the correct tetrahedral structure. The MSA can be deduced from a variational principle in which the energy is obtained from simple electrostatic considerations and the entropy is a universal function. For the primitive model it is
where Γ is the MSA screening parameter and in general it will be of the form
which is independent of the form of the cavity in this approximation and Γ .
is now the scaling matrix. We have shown that in all known cases the scaling matrix Γ is obtained from the variational principle
Ionic solutions are mixtures of charged particles, the ions, and the neutral solvent particles, most commonly water, which has an asymmetric charge distribution, a large electric dipole and higher electric moments. Because of the special nature of these forces the charge distribution around a given ion and the thermodynamics does satisfy a series of conditions or sum rules. One remarkable property of mixtures of classical charged particles is that because of the very long range of the electrostatic forces, they must create a neutralizing atmosphere of counterions, which shields perfectly any charge or fixed charge distribution. Otherwise the partition function, and therefore all the thermodynamic functions, will be divergent [14] . The size of the region where this charge shielding occurs depends not only on the electrostatics, but also on all the other interactions of the system. For spherical ions this means:
1. The internal energy E of the ions is always the sum of the energies of capacitors. For spherical ions the capacitor is a spherical capacitor, and the exact form of the energy is
where z * i is the effective charge, β = 1/kT is the usual Boltzmann thermal factor, ε is the dielectric constant, e is the elementary charge, and ions i have charge, diameter and density ez i , σ i , ρ i , respectively. For the continuum dielectric primitive model Γ i = Γ for all i.
2. The Onsagerian limits. When the ionic concentration goes to infinity and at the same time the charge diverges, then the limiting energy is bounded by
obtained by setting Γ i → ∞ 3. A further exact limit is the DH limiting law, which simply requires that for all ions in the system
4. Finally in systems that are strongly associating in the limit of total association the above equation still holds. This means that if component 1 forms a n-mer the DH limiting law must satisfy
This limiting law is not satisfied by any closure of the regular Ornstein-Zernike equation, but only for closures of the Wertheim-Ornstein-Zernike equation [15, 16] .
Charge-charge interactions
For the primitive model of ionic solutions in the general case [9] the parameter Γ is determined from the equation
where the ionic charge is z i e and number density ρ i = N i /V , where N i is the number of ions and V is the volume of the system. We have
where κ is defined by equation (5) . The known analytical MSSA solutions for dimers and polymers satisfy a 'universality' principle for the excess entropy
Then Γ is determined in every case by the simple variational equation (1)
This equation is also obtained by solving the MSA using the standard procedure.
Dipole-dipole interactions
For a system of hard spheres with a permanent dipole moment µ s the MSA result can be expressed in terms of a single parameter λ. Following Wertheim [17] , we have
where
and ρ s is the solvent number density. Furthermore, the MSA dielectric constant ǫ W of the solvent is given by
As has been often done in the literature, the parameter λ can be computed directly from the dielectric constant ǫ W using the above cubic equation. This parametrization defines an effective polarization parameter. Just as in the case of the ions, there is a physically meaningful way of interpreting the MSA for point dipoles using the variational principle (1). The dipolar system can be represented by a collection of dipolar spheres [12] .
A dipolar sphere in a dielectric continuum
where b 2 is the dipole-dipole energy parameter defined below equation (23) and g eff k is the effective Kirkwood parameter for this system. From here we calculate the induced dipole
and the excess energy
So that the closure equation can be rewritten as
This corresponds to exactly equation (1) in the form
which can be integrated to yield
Now if we define the scaling lengths for the irrep χ = 0 Γ 0 = λ and for χ = ±1
Notice that they satisfy the Wertheim 'density' of the irreps since they are obtained by setting
Furthermore, observe that because of the structure of the equations the natural assignment is
Charge-dipole interactions
We summarize the results of the previous work [18] [19] [20] [21] [22] [23] [24] . We use the invariant expansion formalism [25] , in which the total pair correlation h (12) 
whereĥ mnℓ (r 12 ) is the coefficient of the invariant expansion, which depend only on the distance r 12 between spheres 1 and 2. The rotational invariantsΦ mnℓ depend only on the mutual orientations of the molecules. For the present case the relevant correlation functions are
• ion-dipole:
• dipole-dipole:
whereμ is the unit vector in the direction of µ. The solution of the MSA is given in terms of the 'energy' parameters
which, as will be shown below are proportional to the ion-ion, ion-dipole and dipoledipole excess internal energy [21] . In the MSA they are functions of the ion charge and the solvent dipole moment, through the parameters
and d 
with
A simple set of equations is obtained when we use the proper scaling lengths [22, 23] .
In terms of the excess energy parameters b 0 , b 1 and b 2 of equations (22) (23) (24) :
and
The entropy can be computed using [21, 26 ]
which leads to
The contact pair correlations are [21] [22] [23] • ion-ion
• ion-dipole
• dipole-dipole
We also get
We have
Our main result is the new expression for the MSA excess entropy 
The excess pressure can also be computed [26] . The expression is [22] P/k B T = S/V k B .
Then,
still holds. It is easy to see that this expression yields the correct asymptotic results when either the ions or the dipoles are turned off. Another interesting limit is that of very large dielectric constant. Then we get
A full discussion of these results will be done in a future publication.
